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1. OBSERVATION OF SECOND-HARMONIC ION ACOUSTIC WAVES
Extensive observations of linear ion acoustic waves in Plasma Facility 1 (PF 1) have
been reported previously. -5 Recently, nonlinear effects involving ion acoustic waves
have been studied in an argon plasma in this device. In particular, we have investigated
the second-harmonic wave that is generated through nonlinearities in the plasma bulk
when a fundamental wave propagates therein. Good agreement between theory and exper-
iment has been found, both for the spatial evolution of the second-harmonic wave and
also for its absolute size.
Sato has reported 6 observing similar nonlinear effects in a Q-machine. The the-
ory that he presents predicts the same spatial dependence for the second-harmonic
wave amplitude as does the theory that we shall present; however, Sato's theory is
incapable of predicting the absolute size of this wave. Consequently, Sato could not
compare theory and experiment with respect to the absolute size of the second-
harmonic wave, nor could he do so for the sum- and difference-frequency waves that he
observed when he launched two waves rather than one. Also, there is only fair agree-
ment between theory and experiment with respect to the spatial evolution of the nonlin-
early generated waves that he observed; for example, the maxima of these waves
do not occur where theory predicts they should.
The theory for second-harmonic generation that we shall present is based on the
moment equations and is very similar to the theory3 for the nonlinear coupling of
three ion acoustic waves. The selection rules that must be obeyed exactly (or nearly
exactly) in order for second-harmonic generation to occur are the following:
Wh = 20f (1)
This work was supported by the U. S. Atomic Energy Commission (Contract
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kh = 2 kf, (2)
where w and k are the wave frequency and wave vector, respectively, and the sub-
scripts f and h stand for fundamental and second harmonic, respectively. (Because
the observed waves are relatively dispersionless, this requirement is satisfied for
any two waves for which the frequency of one is twice that of the other.)
Rather than equating each AC quantity to the sum of AC quantities for waves 1,
2, and 3, we equate each AC quantity to the sum of AC quantities for the fundamental
and second harmonic waves. For example, the normalized AC density n' is expanded
as follows:
n' N C (t) exp( ) + C (t) exp(-j)k
,  (3)
f=f, h
where i = pt - kYx. We realize that satisfaction of the selection rules ensures
that h 2f.
We drop all "nonresonant" terms, that is, terms whose 4pi dependence is neither
exp(± Ih), from the equations obtained by inserting our expansions for the AC quantities
7into (3) and (12) in a previous report and by using 0h = 2L f* These "nonresonant" terms
do not contribute to the generation of the second-harmonic wave.
Proceeding in a manner analogous to that used before,7 we eventually obtain the
following set of coupled equations for the time of change of the AC electric field ampli-
tudes:
d (t) h(t) (4)
dt -y+1 M f W 6, f (t)' (5)
where e is the charge of the electron (e > 0), M is the ion mass, y is the ratio of the
specific heats of the electron gas, and
YKBT
Vs (6)
where KB is Boltzmann's constant, and T is the electron temperature. We should
remark that these equations can be shown to conserve the total time-averaged energy
density of the first- and second-harmonic waves.
We have neglected all linear damping mechanisms in the derivation above. Actually,
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collisional and Landau damping play important roles in the energy balance in our experi-
ment; consequently, it is necessary to account for these linear damping mechanisms.
We can do so partially by adding the terms aff(t) and ahh (t) to the left sides of (4)
and (5), respectively, where a is the linear damping rate. We shall also assume that
the matrix elements, that is, the terms inside the square brackets in (4) and (5), are
applicable in the presence of damping, even though they were derived by assuming zero
damping. Our experimental results indicate that this is a good assumption in the case
of the ion acoustic waves in PF 1.
In the derivation above we considered the wave amplitudes to be functions of time;
however, our experiment is conducted in the space domain rather than in the time
domain. Because the observed waves are dispersionless, we need only replace t with
x/V s (where Vs is the phase velocity of these waves) in (4) and (5) in order to make the
transition from the time to space domain. The equations that result when we account
for damping and replace t with x/V s are
df(x) (x) (, e,
dx + f 4y B ef (x) h(x) 7)
deh(x) h(x) y_+ (1 e\
d(x + h = - jf(x) ' (x), (8)dx Sh Y KB
where 6 is the damping distance.
In our experiment the fundamental wave damps exponentially at the linear rate. This
is to be expected if the fundamentals amplitude is so small that the linear damping mech-
anisms are much more important sinks of energy for the fundamental wave than is the
second-harmonic wave. Consequently, we solve (8) under the assumption that
f (x) = f(0) exp - . (9)
An analytic solution can be easily found. Because we detect potential or density fluc-
tuations in the actual experiment rather than electric field fluctuations, we shall use
Jf(x) = jkQ~p(x) to express the final answer in terms of the AC potential L(x, t). We
assume that h(0) = 0; that is, we assume that the amount of second-harmonic wave that
is generated at the launching wires, because of nonlinearities in the sheaths sur-
rounding these wires and in the equipment in the transmitting arm, is negligible in the
region of observation relative to the amount produced through bulk nonlinearities. Again,
our experimental results indicate that this is a good assumption. We might note that
what we would expect to see if this assumption were a very bad one is a second-
harmonic wave that damps exponentially at the linear rate.
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The results are the following.
f(x, t)= Af(0) exp - - cos [s ft-kfx+f(O)] (10)
hh(x,t) = Ah(x) cos wht-khx + 2 f(0) + , (11)
where
exp - h exp - ----
S + eA (0) (6/X)h exp /)f (12)
(x) _- (12)h( ) y KBT (X/6)f - (/)h
and X is the wavelength.
Using Eq. 23 from a previous report 3 and c '(x) = k (x), we get
n (x, t) e k(x, t)
N K(13)
N y KB
This equation can be used to relate density fluctuations to potential fluctuations when
density fluctuations are observed.
Now we shall discuss some features of the experimental arrangement. Eighteen
solenoids were utilized. All but the first two were connected in series. A mirror ratio
of approximately 1. 1 was employed. The value of the uniform field was approximately
1060 G.
The amount of power at 3122 MHz that was incident on the microwave structure was
27 W. The structure, which was grounded, was located approximately in that region
where the magnetic field increases from the uniform-field value to its maximum value.
Of the three diffusion pumps that are a part of PF 1, only that one located farthest
from the microwave structure was employed. The neutral gas pressure read on the
-5
ionization gauge directly above this pump was 6 x 10-5 Torr.
Three grids were interposed in the plasma column, with their planes perpendicular
to the column. The grid nearest the microwave structure was made of 1-mil tung-
sten mesh with approximately 30 wires per inch, and was supported by a 2-in.
stainless-steel ring. It was located between the structure and the center manifold,
63 cm from the structure and 28 cm from the manifold. This grid was grounded
and served to define a surface of constant potential within the uniform-field region.
The grid farthest from the structure was made of 5. 5-mil stainless-steel mesh
with approximately 80 wires per inch, and was supported by a 2-in. stainless-steel
ring. This grid was positioned far enough from the end of the main vacuum chamber
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to be in the uniform region of the magnetic field. This grid was also grounded and
served to define a surface of constant potential within the uniform-field region. The
interwire distance was chosen small enough to ensure that the Debye length was always
greater than one-tenth of the interwire distance.
The third grid was composed of two 0. 65-mil tungsten wires, crossed at an angle
of 600 at the center of a 2-in. stainless-steel ring on which they were mounted. This
grid was biased 41 V below ground; it was used as the launching grid and was moved by
a motor-drive system during the wave observations.
We detected waves propagating toward the microwave structure with an unshielded
Langmuir probe, made of 2-mil tungsten wire and positioned vertically at the center
manifold. The short tip of this probe was located near the center of the plasma column,
as was the point of crossing of the launching wires. This probe was usually biased 46 V
below ground. On occassion it was floated relative to ground.
The circuits which were used for the launching of the fundamental wave and the inter-
ferometric detection of the second harmonic wave are shown in Fig. VI-1. A low-
distortion amplifier was used in the launching arm in order to minimize second-harmonic
wave generation at the launching grid. The reference signal at the second-harmonic
frequency was produced by introducing signals at the fundamental frequency into two
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Fig. VI-1. -Launching and detection circuits.
arms of a doubly balanced mixer. The signal detected by the probe was passed through
a high-pass filter set at the second-harmonic frequency and was amplified. This fil-
tered and amplified signal and the reference signal were introduced into two arms of
a second mixer. This mixer's output was linearly proportional to the amplitude of the
detected signal and to the cosine of the phase angle between this detected signal and
the reference signal. This phase angle is linearly proportional to khx, where x is the
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distance of separation of the wave launcher and wave detector. This output signal was
introduced into one axis of a recorder, after some integration. A voltage signal lin-
early proportional to the distance x was introduced into the other axis of the recorder.
A typical recorder trace is shown in Fig. VI-2. When we wanted to observe the wave
ARGON PLASMA
LAUNCHING FREQUENCY 400 kHz
DETECTION FREQUENCY 800 kHz
DETECTOR BIAS -46 V
NTEGRATION TIME 100 ms
'I / i 
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LAUNCHER-DETECTOR SEPARATION ( cm )
Fig. VI-2. Recorder trace of second-harmonic wave.
at the launching frequency rather than at twice this frequency, we bypassed the first
mixer and set the highpass filter to the launching frequency. We note that the 45-V bat-
tery in the detecting arm was removed when we desired to float the probe.
Data for two different fundamental frequencies, namely 250 kHz and 400 kHz, are
presented here. In both cases 10 V rms of signal at the fundamental frequency were
applied to the launching grid. Figure VI-Z shows the second-harmonic wave trace for
the 400-kHz case; the probe was biased 46 V below ground. Figures VI-3 to VI-5 are
plots of the amplitudes of the second-harmonic waves against distance x normalized
to the second-harmonic wavelengths. The probe was biased to collect ions for the data
in Figs. VI-3 and VI-4; it was floated for the data in Fig. VI-5. The solid curves in
these figures are plots of Ah(x), where Ah(x) is given by (12). In each case the value
of Af(0) in (12) was varied about its measured value in order to obtain the best fit of
the solid curve to the data. The variations required were of the order of 10%.
The absolute values of the wave amplitudes were measured by assuming that
DC probe theory applies in the case of the density and potential fluctuations associated
with the observed waves. This assumption is expected to be a good one because all
observed frequencies were much less than the ion plasma frequency. Consequently,
when the Langmuir probe was biased approximately 40 V below the plasma potential
(equivalently, 46 V below ground), the AC component of the probe current was expected
to be primarily due to local density fluctuations rather than local plasma potential
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fluctuations; that is, the following equation was expected to hold:
i n
I - N' (14)
where i and I are the AC and DC components of the probe current. This equation was
used to relate probe current measurements to the normalized density fluctuation in the
wave, and (13) was then used to obtain a value for the AC potential associated with this
wave. This, then, is how we measured wave sizes when the probe was biased to col-
lect ions. As an aside we note that the initial amplitude of every launched wave was
approximately 0. 4% of the voltage applied to the launcher.
It was not possible to measure wave sizes directly when the probe was floated
because the AC input impedance of the detection system was not sufficiently high to
ensure that we were observing only wave-potential fluctuations. Consequently, for
the fundamental waves we used the wave sizes that we measured by biasing the probe
to collect ions. In the case of the second-harmonic waves we were able to measure the
wave sizes indirectly in the following manner: A wave was launched at the second-
harmonic frequency and was detected alternatively by an ion-collecting probe and by
a floating probe. The wave size determined by using the ion current data was then
employed to calibrate the detection system in the floating-probe case. This calibra-
tion was then used to determine the size of the nonlinearly generated second-
harmonic wave.
The value of KBT required in (12) was estimated to be approximately 3 eV by using
1
wavelength measurements and previously measured values of the ion drift velocity and
ion temperature. The value of y was assumed to be equal to 1.
Figure VI-6 is a plot of the relative amplitude of the fundamental wave against
distance x normalized to the second-harmonic wavelength, for the 400-kHz case. We
see that the fundamental damps exponentially as assumed in the theory. This is true
also in the 250-kHz case. Such fundamental-wave plots allowed us to determine the
values of (6/X)f required by the theory. The values of (6/X)h required by the theory
were determined by launching and detecting at the second-harmonic frequencies rather
than at the fundamental frequencies. Data for an 800-kHz wave is also shown in
Fig. VI-6. It is important to note that this wave damps exponentially for those val-
ues of x for which the nonlinearly generated 800-kHz wave (Figs. VI-4 and VI-5) dis-
plays markedly nonexponential behavior. The same is true for the 500-kHz wave.
In conclusion, we note that the observed spatial evolution and size of the nonlin-
early generated second-harmonic wave are in good agreement with theory, both when
the detector probe is biased to collect ions and when it is floated. One of the more
important implications of this agreement is that the matrix elements for the nonlinear
interaction of ion acoustic waves are not appreciably influenced by linear damping
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mechanisms, at least in the case of the ion acoustic waves in PF 1.
L. N. Litzenberger, L. P. Mix, Jr., G. Bekefi
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1. THOMSON SCATTERING FROM A HOLLOW-CATHODE-
DISCHARGE PLASMA
An experiment is under way to measure the electron distribution function per-
pendicular (TI) and parallel (T 1 ) to the magnetic field in a hollow-cathode discharge
(HCD) by means of Thomson scattering. In addition to determining electron tempera-
tures and densities (with high spatial and temporal resolution) in a regime where
Langmuir probes cannot be used reliably, the direct results will show whether or not
an asymmetry exists between T I and T and whether the distributions are Maxwellian.
In this report salient constructional features of the HCD are briefly described,
and operating characteristics and typical plasma parameters are stated. The optical
apparatus used to make the Thomson-scattering measurements is discussed in
detail.
Plasma Source
Figure VI-7 shows the layout of the HCD. A similar plasma source has been
described elsewhere by Lidsky and co-workers. The HCD operates as follows. Argon
gas is allowed to flow through a hollow anode and a 0. 125" O. D. , 0. 015" wall tantalum
tubing cathode into the vacuum chamber. A magnetic field of 400 G (900 G under the
magnets) is used to collimate the discharge which is started by RF excitation and
maintained by a DC electric field. The arc has a current range of 10-50 A, and a
neutral pressure of 1-2 X 10-4 Torr in the scattering chamber.
Preliminary Langmuir probe measurements on the HCD argon plasma yield the
following results: on axis electron density and temperature, 5 X 1013/cm3, 4-8 eV;
density and temperature 2 cm off axis, 7 X 101 /cm, 2 eV. These values are for
This work is supported by the U.S. Atomic Energy Commission (Contract
AT(30-1)-3980).
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operating parameters of 30 A are current, 400 G field, 1. 5 X 10-4 Torr neutral pres-
sure, and gas flow rates, 0. 02 atm-cc/s for the anode, and 0.4 atm-cc/s for the
cathode.
10cm
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Fig. VI-7. Side view of Hollow-Cathode Arc Plasma Facility.
This HCD has several minor features. Because of the large distance between field
coils, it is necessary to use iron shim to boost the central magnetic field to reasonable
values. Pumping baffles at both anode and cathode ends allow low neutral pressures in
the central chamber. Time-resolved diagnostic measurements require synchronization
with the observed m = 1 flutelike oscillation of the plasma. Four Langmuir probes
spaced 2 cm from the arc axis and 90' apart provide the synchronizing signals. As
plasma properties are to be measured as a function of radius, it is vital that the are
be kept well centered. The hollow cathode may be moved vertically and horizontally.
By adjusting the cathode position, and hence the arc position, until floating potentials
on diametrically opposed Langmuir probes are equal, the arc may be centered. Vertical
centering is also accomplished optically by observation of the projected image of the
arc on a nearby screen.
Thomson-Scattering Measurement Apparatus
The system has three parts: the laser, the spectrometers for analyzing the
Thomson-scattered light, and light baffling devices to keep the stray scattered light
to a minimum. Figure VI-8 shows the relationship of these parts to the HCD.
The laser and two identical spectrometers are supported on individually adjustable
platforms which in turn are connected to a common framework independent of the HCD.
This framework may be moved up or down as much as 1 in., thereby allowing the
plasma column to be scanned radially. Such an arrangement has the advantage that the
QPR No. 101
(VI. PLASMAS AND CONTROLLED NUCLEAR FUSION)
20 cm
SCALE
KORAD K-1Q
RUBY LASER
L3  , 2 - 3 J
L2 QUARTZ HALF-WAVE PLATE
/ F 15" FOCAL LENGTH QUARTZ LENS
FIL QUARTZ WINDOW
CATHODE END
W: PYREX WINDOW
F: HN-38 POLARIZER- FIELD STOP
PLUS COLOR FILTER o
L: TWO 64 mm DIAMETER, - 6 A BANDWIDTH ROTATABLE
1 190 mm FOCAL LENGTH I INTERFERENCE FILTER
ACHROMATS
: 100 mm FOCAL LENGTH ENHANCED RCA C31000E
ACHROMAT LASER DUMP PHOTOMU LTI PLIER
L3: 148 mm FOCAL LENGTH
ACHROMAT
Fig. VI-8. Top view of HCD with Thomson-scattering apparatus.
optical alignment need not be readjusted for different values of radius. The spectrom-
eter on the cathode end of the HCD measures electron velocities parallel to the plasma
axis, while the other spectrometer is sensitive to the perpendicular velocity component.
a. Laser
The laser is a water-cooled Korad K-1Q Pockels cell Q-switched ruby laser. To
obtain good shot-to-shot reproducibility (<5%0 change) at a repetition rate of once per
minute, we had to place the Korad water-air heat exchanger in an 8-100C water bath.
The laser is typically operated at the 90-120 MW level (2. 3-2. 8 J output) and has a
measured half-power divergence of less than 2 mrad. (The divergence was determined
by focusing the laser output on circular apertures of various sizes, and measuring the
energy transmitted through the aperture with a thermopile.)
Since the Korad K-IQ emits radiation polarized in the horizontal plane, a quartz
half-wave plate is used to rotate the plane of polarization 900. The light is then focused
at the center of the scattering chamber by a quartz 15" focal length lens. As the light
emitted by the laser does exhibit some divergence, there should be some advantage in
focusing to a point short of the chamber center. This was tried, but no improvement
in light concentration was noted.
b. Spectrometers
The scattered signal from the ruby laser beam is gathered by an f/3. 3 optical
system, spectrally analyzed by a two-period 6 A bandwidth rotatable interference filter,
QPR No. 101
(VI. PLASMAS AND CONTROLLED NUCLEAR FUSION)
and finally detected by an RCA C31000E photomultiplier.
To minimize spherical aberration, the viewing lens is made up of two 190-mm focal
length achromatic lenses mounted in series. These lenses image the field-stop aperture
on the laser-plasma intersection, thereby defining the region of plasma that is being
investigated. The field stop itself is an adjustable slit (length 0-16 mm, width 0-3 mm)
whose long dimension is parallel to the laser beam.
Both the Polaroid Type HN-38 polarizer (high transmission - 80% for the scattered
signal, with moderate extinction) and the long-pass red color filter are employed to
reduce the transmitted background plasma light. This is necessary so that the photo-
multiplier may be operated at the desired voltages without introducing nonlinear effects
or fatigue because of high dynode currents. Even so, in an argon plasma, on account
of the intense A lines at 6886.6 A and 6863. 5 A, scattered signals may be
spectrally analyzed only in the ranges 6955-6898 A, at 6876 A and below 6855 A.
Since the e-folding point of the scattered photon spectrum occurs at a distance (AX) =
19.3 (T )1/2 A (Te in eV) from 6943 A, the wings of the electron velocity distribution
function (2T e , say) may be investigated only for Te > 5 eV or Te < 1 eV. The first
value of T should obtain in the central part of the arc. In any case, enough of the
e
spectrum is accessible to yield reasonable estimates of the electron temperature.
Calibration of the combined laser-spectrometer system is achieved by observation
of Rayleigh scattering from a known
COMING FOCUSED LIGHT density of nitrogen. Specifically, the
vacuum chamber is filled to pressures
of 1-10 Torr - values that can be mea-
FRONT SURFACE MIRROR sured precisely. Then measurements
TWO 600 EQUILATERAL are made with a 2. 5% transmission
PRISMS BONDED TOGETHER neutral density filter placed over the
field stop to attenuate the Rayleigh signal
to values that the electronic circuitry can
PYREX handle. Use of the filter also has the
GLASS advantage that the contribution to the
PHOTOCATHODE-VACUUM signal attributable to stray scattered
INTERFACE light becomes negligible.
In order to increase the 6% quantum
2 " " efficiency (Q. E.) at 7000 A of the C31000E
photomultiplier, the spectrally analyzed
RCA C310E PHOTOMULTIPLIER light is focused and introduced to the
Fig. VI-9. photocathode at an angle such that total
Optical arrangement for enhancing the internal reflection occurs (see Gunther,
quantum efficiency of the RCA C31000E 2
photomultiplier. et al., for a general discussion of this
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technique). A Q. E. of 10% is easily obtained in this way. Figure VI-9 illustrates the
arrangement. The 600 equilateral prisms are coupled to the photomultiplier face with
immersion oil. Addition of the mirror increases the Q. E. only slightly.
It should be noted that when the C31000E photomultipliers were purchased, the only
way to obtain a Q. E. > 6% was with arrangements such as those described here. Very
recently photomultipliers with GaAs photocathodes have become available which have
a Q. E. > 15% at 7000 A, and are less expensive than the C31000E. Naturally, they are
now to be preferred.
c. Stray-Light Dumping
There are two primary points in the system from which stray light originates: the
first surface the laser beam hits in the beam dump, and the quartz window through which
the beam passes on its way into the scattering chamber.
The beam dump is a 150 wedge of two black glass plates. Black glass has the
advantage of low diffuse reflectivity, requires no preparation, is inexpensive, and
readily obtainable. The wedge is removed some distance from the central chamber so
as to decrease the amount of light diffusely scattered back into the chamber.
The MgF 2 -coated quartz window is situated as far away from the chamber as pos-
sible. Three apertures, ranging from 5/8"-3/4" in diameter, are placed along the
input tube to collimate the light originating from scattering at the window-air interface.
The apertures are small enough that a further reduction in size does not decrease the
stray light significantly. On the other hand, they are large enough that exact centering
of the laser beam is not critical. Sections of cylindrical tubing are placed coaxially in
front of the viewing lenses of the spectrometers in such a way that the lenses cannot
directly see the aperture to the beam dump or the end of the laser input tube.
A device to further attenuate the stray light will be tested soon. It consists of a
knife-edge saw blade that has been blackened and then wound into a spool with a
1 1/2 in. hole in the center. This utilizes the same principle as the well-known stacked
razor-blade light dump, but is more adaptable to cylindrical geometries. The spool
will be placed either opposite the laser input tube or the exit aperture, depending on
which position gives the best results.
At present, the stray scattered light level at 6943 A is three times that of the
experimentally measured Thomson-scattered signal. When the two-period filter is
tuned to 6933 A, the transmission of light at 6943 A is 10- 2 , which is small enough
to make Thomson measurements without having to account for the stray light. Measure-
ments closer than 6933 A can be made simply by subtracting the stray-light signal.
Since determination of the electron temperature is much more dependent on light
Doppler-shifted far from 6943 A, however, little information is lost simply by excluding
the region around the laser wavelength.
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d. Data Reduction
Currently the photomultiplier signal caused by the detection of Thomson-scattered
photons is integrated (time constant -1/5 of the pulse width) and then displayed on a
Hewlett-Packard 180a oscilloscope. To facilitate more rapid processing of data as
well as to obtain better statistical accuracy, the photomultiplier outputs will soon be
tied into a LeCroy 227 Quad integrator that is capable of integrating the area under the
pulses. The output from a photodiode monitoring the reflection from the laser beam
focusing lens will also be integrated to provide a shot-to-shot check on the laser output.
Summary
A hollow-cathode-discharge plasma source has been constructed on which to conduct
Thomson-scattering measurements. All optical components necessary for the diag-
nostic are complete and functioning. Thomson scattering with an excellent signal-to-
noise ratio (20: 1) has been observed. Present efforts are directed toward fine-tuning
the electronics in order to achieve rapid data aquisition with even better signal-to-noise
ratios. Results of the Thomson scattering will be reported in a future progress report.
G. K. McCormick, L. M. Lidsky
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1. SPECTROSCOPIC STUDIES OF A LASER-PRODUCED PLASMA
In a previous report I we described the production of a dense plasma by focusing the
light from a CO 2 laser into a cell of helium gas. There we also gave a pre-
liminary analysis of our spectroscopic measurements whose purpose was to determine
the spatial and temporal properties of the plasma, shortly after breakdown was initiated.
One of our main observations suggested that the plasma was highly inhomogeneous, and
that it consisted of a dense, hot inner core and a cooler outer halo. Under such con-
ditions the "raw" spectroscopic intensities measured represent a sum of contribution
over the entire emerging ray and thus are not representative of the emission from a
point element. To obtain the latter, the observed intensities must be correctly trans-
formed by means of an Abel inversion. 2 This had not been done in the previous report
and, for that reason, the conclusions there were not entirely convincing. The final
results are presented here.
The laser-produced plasma is roughly cigar-shaped with the cigar axis parallel to
the laser radiation. To first approximation, we consider the plasma to be cylindrically
symmetric having an emissivity c(X, r) which depends only on the wavelength and the
radius vector r. The measured intensity I(X, x) is then related to c(X, r) through
I(, x) = E(X, r) dy, (1)
-oo
where dy is an element of ray path such that y r - x , and x is the distance of
the ray from the cylinder axis. The desired quantity E(X, r) is obtained by inverting
Eq. 1.
We have measured I(X, x) for several Stark-broadened helium lines for a range of
x values from 0 to approximately 2 mm, in steps of ~0. 1 mm. The appropriate E(X, r)
was then deduced by means of a computer-generated Abel inversion.2 All results
reported here refer to measurements made 5 is after the plasma was generated.
The total integrated intensity E(r) = f E(R, r) dX of an emission line from a neutral
This work was supported by the U. S. Atomic Energy Commission (Contract
AT(30-1)-3980).
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atom (or ion) is directly proportional to the density of excited atoms (or ions). The radial
variation of E(r) for the measured 4713 HeI and the 4686 HeII lines are shown in
Fig. VI-10. We see that E(r) for the atom emission first increases and then falls mono-
tonically with increasing r. This agrees with our model of a hot-plasma core defi-
cient in neutral helium atoms. Measurements of the He II 4686 line show that indeed
the electron density is peaked in the core (see Fig. VI-12).
It is well known 3 that in a sufficiently dense plasma (Ne 1016 electrons cm ) the
intensity ratio of an ionized line to a neutral line is a strong function of electron tem-
perature and almost independent of electron density. We have used the ratio of the lines
HeII 4686 and He I 5876 to determine the radial variation of the electron temperature Te
Figure VI-11 illustrates the results thus obtained.
We have used the Stark-broadened 4713 A and 6678 A lines of HeI to determine
the radial variation of the electron density. The results for the two lines are
shown in Fig. VI-12. We see that the two lines predict slightly different den-
sities, but the reason for this is not fully understood. For radial positions less than
-1 mm, the results are not reliable and are not shown. The reason is that in the plasma
core the density of excited neutral atoms is small (see Fig. VI-10). This makes the
Abel transforms very sensitive to small errors in the measured I(X, x) at small values
of x. In the region of the dense core we determine the density from the broadening of
the 4686 A HeII line.
Figures VI-13 and VI-14 show the detailed line shapes of the He I 6678 line and the
neighboring forbidden 6632 A line, at two different radial positions, r. The points are
the result of Abel transforming the experimentally determined spectra I(X, x). The solid
4
curves are based on the theory that is due to Griem in which the ions surrounding the
radiating atom are treated as essentially static. We see that the theory is in quite poor
agreement with experiment, the forbidden line being about a factor of two more intense.
Recent calculations 5 show, however, that the motion of the ions plays an important role;
indeed, a revised theory fully confirms our observations.
E. V. George, G. Bekefi, B. Ya'akobi, R. Hawryluk
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1. FEEDBACK STABILIZATION OF KINK MODES FROM A
PARTICLE VIEWPOINT
The purpose of this report is to give a particle picture of the kink instability
in a cylindrical column and to determine the growth rate including feedback currents.
While many of the results are well known, the particle view of the instability has
not been presented before and is valuable in visualizing this instability.
We assume a uniform cylindrical plasma column carrying a uniform current Jo
in a magnetic field as in Fig. VI-15. The axial field Bz plus the azimuthal field
krmZa -4
SURFACE FEEDBACK CURRENTS
r- b
(b)
Fig. VI-15. (a) Geometry of the ridgelike perturbation
and direction of the magnetic field.
(b) Perturbed surface in cross section.
This work is supported by the U. S. Atomic Energy Commission (Contract
AT(30-1)-3980).
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Be = give a net magnetic field B within the column which is helical, making
an angle 6 to the axis. Furthermore, we assume a perturbation [which at the sur-
face is = o exp(yt+jmO-jkz)] at an angle a. Since we have toroidal geometry in
mind, we shall take k = n/R, where n is an integer, and R is the major radius. The
plasma radius is a, and external surface currents to produce feedback fields are at
r = b. From Fig. VI-15,
B
6 nr
tan tan a =B mR
z
Introducing q = rBz/RB 0, and assuming that 5 and a are small angles, we have
a
pa sin ( 6 -a) (m-nq).
We initiate the sequence of events by lifting a section of the surface by an amount
tr, giving a perturbed surface current Jo a A/m (Jo A/m2 is the uniform current
density in the column). This surface current creates a radial magnetic field, as shown
in Fig. VI-16, which varies sinusoidally in 0. The field is approximately
Br - 0 a ((1)
We shall see that there are other currents which are induced as a consequence of this
perturbation, and these currents will produce a radial magnetic field which must
be added to (1).
B
S x /
io~a CONTOUR X /
LIMITS
( A CONTOUR(a)
(b)
Fig. VI-16. (a) Radialmagnetic field produced by current
flowing along the ridge.
(b) Contour for computing the induction field EA.
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The net radial magnetic field, by Faraday's law, produces an induction electric
field EA that is parallel to the perturbing ridge and opposite to the perturbed surface
current. With the aid of the contour in Fig. VI-16 we find
aB
r rEA m atA m at
(Signs and phases of all quantities are given in the figures for growing modes.)
The portion of EA parallel to the magnetic field line produces a current. This cur-
rent produces a tendency toward charge separation across the ridge, and hence
+
+ (EA 11
+ -
. . (b)
(EA )I(a)
Fig. VI-17. Charge separation produced by the induction field,
leading to an electrostatic field (Eq. 6).
Fields and charges in cross section.
an electrostatic field E . As Fig. VI-17 shows, the field builds up until there is no net
electric field along the magnetic field line as MHD theory would require. E and EA
do, however, produce a large electric field across the magnetic field line. The perpen-
dicular components of Ec and EA add to give E 1 , and from the geometry below,
EA
EThis p
This perpendicular field produces a polarization current
P
-Jol PJ E B 2
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where p is the constant mass density, and JE is defined in Fig. VI-18. The polari-
zation current is in the direction of E l , and hence has components parallel and per-
pendicular to the perturbing ridge. Since Jo is divergence-free, the net current
JE
(b)
E 1I pol
E
(a)
Fig. VI-18. (a) Currents produced by the induction fields.
(b) Radial magnetic field produced by JE'
must be divergence-free. Consequently, JE must lie parallel to the ridge. Current
along the ridge will, of course, close on itself. (The added current (JE) 1 to achieve
this condition must lie along the magnetic field line.) Note that the current JE pro-
duces a magnetic field over the volume of the discharge which opposes that from
Jo a for growing modes. The field BrE produced by JE(r) is
- o a m-1
B - 0 h J (5)rE 2m a Ea'
where JE(a)- JEa'
The last equation needed to determine the growth rate y and stability criteria is
vI = EI/Bo, or
E l  EA  ryBr
Y _A (6)
a B PB mpB '
Oo o
whence
mpBo a
B a (7)
r r
The total radial (perturbed) magnetic field is the sum of (1) and (5), plus the
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magnetic field of feedback currents. Feedback surface currents Kf are chosen to
match the surface perturbation. Hence they produce radial fields
oKf r -1
rK 2 b
The total field at r = a is
1oJoa
B (a) = or 2
SoaJ 
Ea
2m
Kfa m-1l
2 (b)
2 2i
Defining the Alfvn speed C = B2 o/P o , and eliminating B and Ja in terms of a' with
-1
JEa= yZBoa( oC2) , gives the dispersion relation
pmB o a  0oJoa
a 2
o a
2mp
K f m -
With Kf = 0, the growth rate, plotted in Fig.
2
2 2m oo
Y aB 2
For growth,
SmB
2mB
1 > (m-nq) > 0.
Feedback is incorporated by assuming a surface current Kf = -G a .
rent per feedback bar is 2aKf/m. The growth rate is now
2
2 2mpCa
aB
O L oo2 pmBa oG2
(11)
The total cur-
m-1
a
b j (12)
Instability results for
[oa
2mB
rJo
G(-  > p > 0. (13)
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To quench the instability requires a "gain"
m-1
G t Jo( p
or a total current per feedback bar of
2 b m-1
my a
(14)
(15)(aJo) i)0oa
Growth rates for various gain values are shown in Fig. VI-19. Note that for fixed G,
feedback stabilizes modes making the largest angle to the magnetic field line. The max-
imum growth rate is proportional to J - Ga m -0 \b/
m - nq
Fig. VI-19. Growth rates for the kink modes for various feedback gain
m+1
Wall stabilization is equivalent to G = J(a
of
One can compute the effect of wall stabilization by noting that currents are induced
in the walls which cancel the radial fields of Br and BrE at r = b. Hence feedback
currents that do the same thing will model a passive conducting wall. Outside the
plasma column
B 0Ja(a)
m + l
r - Z (r)
and
-Bo a  m+l
B-
rE 2m \r JEa'
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Since JEa is constant, the radial fields at r = b are (a/b)m + times smaller at the wall
than at the plasma surface. Now, since the radial field produced by Kf at the wall is
o K f/2, and because the sum of the fields must be zero at the wall,
a a a a=m+ 0. (16)
2 (b) f joa E b
Substituting Kf from (16) in (9) gives the growth rate with passive walls.
PmB 
o  
a2m
a a 2 (oa m JE - oa m JE)() (17)
Using JE from (17) gives the well-known wall correction to the growth rate.
2mPC2 J PmB
2 - a 0 0  0m (18)
aB 2 2
For instability,
[oo a  a > P >0 
(19)2mBo 2m
or
Zm
1- Zm > (m-nq) > 0.
m+1
This stabilization is equivalent to a gain G =Jo ' and for a b restricts the
unstable perturbations to those nearly aligned with the magnetic field.
R. S. Lowder, K. I. Thomassen
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1. ELECTRON DISTRIBUTION FUNCTION OF TOROIDALLY
CONFINED PLASMA IN THE BANANA REGIME
Introduction
It is expected that the next generation of Tokamak devices will achieve electron
temperatures of a few kilovolts. Combined with low aspect ratios (R/r -< 4) this
may lead to a very weakly collisional plasma having a substantial percentage of
trapped particles. While it is simple to find an approximate loss-cone distribu-
tion for a high-temperature mirror-confined plasma, a kinetic equation including
toroidal geometry and a collision operator has to be solved to determine the par-
ticle distribution of a toroidally confined plasma. Berk and Galeev, 1 Galeev and Sagdeev, 2
Hinton and Oberman, 3 and Rutherford, et al. 4 have addressed themselves to this ques-
tion. Electron-ion collisions have to be kept explicitly or one would obtain zero
resistivity. Electron-electron collisions change the absolute values of the obtained
transport coefficients perhaps by a factor of two, but complicate the analysis more
than is justifiable for some problems. In this report we shall review these various
approaches, and discuss the properties of the trapped and untrapped particle dis-
tribution, in particular its discontinuities at the transition region. The so-called
pressure gradient driven "bootstrap current"5 will be derived and a distribution
function in terms of constants of the motion will be given for use in stability
analysis.
This work was supported by the U.S. Atomic Energy Commission (Contract
AT(30-1)-3980).
TDr. D. Bruce Montgomery is at the Francis Bitter National Magnet Laboratory.
QPR No. 101
(VI. PLASMAS AND CONTROLLED NUCLEAR FUSION)
Review of Previous Work
Berk and Galeev I use the constants of the motion E, i, and J to build an ad hoc
model equilibrium distribution for the trapped and untrapped particles in a collision-
less limit. This model has discontinuities in the distribution f(v l) and its derivatives
in the transition region. Although jumps are expected in the derivatives, a discon-
tinuous distribution function f is somewhat inadequate. Very roughly, their model
distribution has the right slopes and width of the trapped particle region,
1/2
V = (2 pB
° R
Galeev and Sagdeev 2 proceed more rigorously, starting from a drift kinetic equa-
tion for the distribution function, including an unspecified model-collision operator.
Their method of solution has not been given, but their result is similar to that of
Berk and Galeev, l showing jumps of the derivatives of f, but f itself is continuous.
Hinton and Oberman 3 first derive a drift kinetic equation where electron-ion col-
lisions are given by a Lorentz collision operator and electron-electron collisions
are neglected. In the low collision-frequency limit (banana regime) this equation is
then solved by a perturbation expansion in vei/wbounce, including an applied DC elec-
tric field as a driving term but neglecting the curvature -driven banana drift because
they are interested in the conductivity only. The boundary and matching conditions
on f are spelled out very clearly.
The work of Rutherford, et al. 4 can be considered an extension of the Hinton-
Oberman calculation to include the banana drift, and their results are therefore the
most complete thus far. We have rederived their result in detail elsewhere and shall
now proceed to discuss and exploit their solution.
Trapped and Untrapped Particle Distribution
Rutherford and his co-workers 4 show that the electron distribution function of a
toroidally confined plasma in the banana regime is
f= 1 1+ + g  (la)
f eB T n ar
where
eE m 1 an 1+ T / max (ib)
eB n ar T
T v(v) B, which will be derived, the integral can be performed to give
With (vll) = + /2(e-pBo), which will be derived, the integral can be performed to give
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B dP'
o ( )B ' V i ) v
(vil (G"))
The double sign is minus for (vii) = +N/2(E-Bo ),
is understood in this solution that
(lb)
0
and plus for (vl) = -\/2(E-pBo). It
0 -< -< c/Bmax , untrapped particles
E/Bmax < [ < E/B, trapped particles.
(ld)
The boundary between trapped and untrapped particles is
[p = E/B
max
2
or ( BB
max
' ,~c § 1
-,B9
Fig. VI-20. Toroidal coordinate system.
R
-,o R
+ B
-9, 0
R = R + r cos 0,
B = B(r, = r),
max
v(v) = e v
el )3
R
o (see Fig. VI-20),R
B (r) = 2 (r) + B (r)o V/ ,o 0,o
22 v 
v eE =- + e- (r), =2 m 2B
my 2 /2 = T
e e
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Angular brackets will indicate a flux surface average. For example,
(v) = (i 2[ E-TB(r, O)]) = 22E-C B (r)]
(B 0 ) = B, o'
o 3/2
fo =(rTy
+ r 2 , see appendix.
n(r) e
where e = - e is the electron charge.
We display f against v i, for fixed v, on a flux surface r, using (1).
a. Trapped Particles (TP)
TPf
f
T.
T
m
The slope is independent of v but has a 0-dependence of r ) , through B0 .
The halfwidth Av of the trapped particle region is given by (2) which checks
with Berk and Galeev 5 for large aspect ratios. Equation 5 is plotted in Fig. VI-21.
(f 0
2
UNTRAPPED --
v = const
TRAPPED UNTRAPPED
Avll
9 K<
Fig. VI-21. Suitably normalized electron distribution vs v I, for
constant v. f is Maxwellian, 0 is the angle shown0
in Fig. VI-20.
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The asymmetry shown corresponds to a net current. Equation 5 shows it is a dia-
6
magnetic current caused by the banana-drift orbits and the density gradient. Because
I A n (r)
Fig. VI-22. Showing the spatial gradient of the banana orbits
leading to a net poloidal and toroidal current.
of the density gradient, there are more bananas to the left of the line A-A in
Fig. VI-22 than to the right (indicated by the size of the bananas). A net current
results, having a poloidal and a toroidal component. The arrows shown in Fig. VI-22
correspond to electrons with vll < 0, as is the case for the majority of particles
(cf. Eq. 5). The sense of direction follows from the expression for the radial drift
velocity (cf. Rutherford et al.4).
v mec 1 ( v v ) sin O/R 2 (r),
Dr el 11 r B 11 p
where
le I B e, (r)
2 (r) =
p mc
is the poloidal gyro frequency. Note that the gradient-driven electron current j =
-le nv11 average' where vl average is computed from (5), is in the same direction as
the electric field-driven current. This will lead to the bootstrap current, which
will be described later.
b. Untrapped Particles (UT)
It can be seen from (ib) that g - 0 continuously for t - E/Bma x . Therefore fUT
is continuous everywhere. The derivatives
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afUT
E, a
have a finite jump, however, in E - V-space, which is shown in Fig.
sponding to
0 < < E/Bamax
ag eE
4 E, r Te v(v)
ag
E, r
m 1
eB0, o n
an
ar
T
T e
VI-23, corre-
B
K o( v )
= 0,
as an example. ag/a8 has a singularity at (vl ) = q 2(E-[B o ) = 0 (point P in Fig. VI-23),
=0 T.P.
U.T.
max
Fig. VI-23. Electric field -driven part of the electron distribution function,
in [i - E space. The trapped particles (TP) are separated from
the untrapped particles (UT) by the line - Bmax = 0. There
can be no particles for which E - p B < 0.
QPR No. 101
UT
8 i, r
fUT
E/B max E/B.
max
(VI. PLASMAS AND CONTROLLED NUCLEAR FUSION)
which lies outside the untrapped particle region. But outside g is defined to be zero;
thus, the singularity is irrelevant, and only the finite jump of ag/a8 at [I = E/B max
remains.
Next we determine the slope of fUT in VH -v space, to complete Fig. VI-21. For
that we have to express (vl ) in (ic) in terms of vl by expanding in r/R . We find
1 o r
(v ) = vI - 2 - lB R cos 6 .
For untrapped particles,
[lB
0 < E - lB
the latter inequality holding for particles far away from the transition layer. For such
particles,
(v 11 ) -- vil.
Define
- m Ti \ anA- e + >0
eB T en ar
6,0 e /T\I I a
A (1+ TcosO .
Then (1) can be written (to first order in r/R o )
fUT lelE
f-1 = -Avl + -- +
o T v(v)
S el
-v -e+(V) o cos T v
o0
B
1 0
1 B x
BmaxB
max
where the double sign refers to v ll > 0. We note a 0-dependence of the slope, which
thus shows a coupling between configuration and velocity space. For untrapped particles
on the inner side of the torus (0 >Tr/2) the slope will be positive, for vll > 0, and nega-
tive for the outside of the torus (see Fig. VI-21). The applied electric field E modifies
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this somewhat, if we recall that
v(v) = Vei ve, (7)
but this is not the same effect shown in Berk and Galeev1 where a radial potential D is
assumed. If (7) is used in (ib), it appears that g vanishes for a particular value
v , that is, for
( v vei (T e+T.)
e p leE n
where rn is the density scale length. In practical cases this occurs for v ~ v e
so that for small particle velocities the diamagnetic current prevails over the ohmic
current. Physically, the first term in (lb) describes not only the ohmic current but
also the Ware drift inward, while the second term leads to diffusion outward and to the
pressure gradient-driven toroidal current that we shall discuss eventually. Note also
that the external electric field E = rjJ enters as E/vei in Eq. lb. Since the resis-
tivity ri is proportional to v ei (E/vei) is independent of v .ei. This indepen-
dence with respect to the collision frequency is understandable if we recall that
(a)
(b)
Fig. VI-24. (a) Electron distribution vs v I, corresponding to Fig. VI-21 for >Tr/2.
(b) Electron distribution vs v I, corresponding to Fig. VI-21 for O</2.
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4Rutherford et al. gave this solution as a perturbation expansion in vei/bounce to
lowest order. For supercritical fields (E > Ec = my v ei./e)) this ordering will not
obtain, and the resultant distribution function may have a much sharper gradient
at the transition layer. Inside this layer, a perturbation expansion in vei/ bounce
cannot be made, since the bounce frequency goes to zero there. An exact solution
in the transition layer seems to have been given thus far only for particles in a
periodic electrostatic potential rather than for magnetically confined particles. 7
Figure VI-24 shows the complete shape of the distribution function for a loca-
tion on the inside of the torus (Fig. VI-24a), and on the outside of the torus
(Fig. VI-24b). It is obtained from Fig. VI-21 by multiplication with the Maxwellian f .
Bootstrap Current
Bickerton, Connor, and Taylor 8 argue that once a Tokamak discharge in the
banana regime is established the toroidal current that is necessary for stability
will maintain itself, even if the external field E is removed, the driving force being
the radial pressure gradient. This current is quoted as
= -A / (Te+Ti) an (8)
1 , fo B08' ar(
where A is of order one. We can show this by calculating the current of the
untrapped particles contained in the distribution function (1), for E = 0,
.UT d 3 UT
Jll = e d v f1  I
With d3v= Z 2rBdjdE/vt 1 , using (1c) and
+-
dE E3/2 e -mE/Te = 3- (Te 5/2
0 4 m ' (9)
we find
.UT B o o 1 anUT _( 3 B 0  VI 1  0  (T +T.) 1 (10)JII 2B B e 1 ar
max max B 0 0 (r)
With the definitions (Eqs. 3), B/Bmax = 1 + O(r/R o ). Similarly, the gradient-
driven current of the trapped particles is
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TP _ B /B
max
1 an
(Te +Ti) B e ar"6-b: (11)
Note that UT does not scale as (1 - ), which is the fraction of untrapped par-
ticles, nor does cale as N/r/R, which is the fraction of trapped particles. For
T UT
r/R << 1, j <<l . Typical for a banana effect is the scaling with B e , the poloidal
UTfield rather than the toroidal field. An estimate of the magnitude of jR  , from (10),
gives
B a
u B p
=1
v B r
e max n
where a is the poloidal gyro radius, rn the density scale length, and ull the drift speed
associated with this current.
Distribution Function for Stability knalysis
We wish to cast the distribution (Eq. 1) into a form suitable for stability analysis.
For the time-history integral required to find the fluctuating potential we express the
distribution function in terms of the constants of the motion E, [, 0, where
m
o e II (12)
o is a suitable variable to express the constancy of the toroidal angular momentum,
and 4, the flux variable, measures the radial distance through the defining relation
d4 = R B e dr = RoBe, o(r) dr.
In terms of 4, (1) becomes
f = f (4i, E)
o0
(131
1 mT 1 8n1- R 1 + n
e o T n a 8 (14a)
(14b)eE m +1 1 n max dv
1
g R +TB4)
Se T e n aV
Tev(E) e
where we only kept first-order terms in a p/L. We show now that the first two terms
in (1 4 a) correspond to a Larmor radius expansion of
f ( ,~E) = I/(4 0) e
-mE/Te 2 3/2
(15)
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By using (12) the expansion is to first order
f = fo(, E) af 
aci~o
m
eRv + 1
e o II
From (15),
Oaff-04 0
1 OaI
K a¢ €,o~0
To relate this to the density, we have
3  
-mE/Te = ) 3/
d3 ( o ) e e - e d 3S 
/2
/2'
a
0 P
(L
-m E/T
e
e /( ) e
an e
T
e
As Rutherford et al.4 pointed out, the potential 4 is necessary for equilibrium
On.
balance the radial ion pressure gradient T. l
I -T 1 8ni1ne = -T. .
a 1 n. 1
For equilibrium, n. = n , and putting (19) into (18), we find
18
1 8J/ 1n
./V OL n
an18 i
i
+ 
T
Te
(18)
to
(19)
(20)
Insertion of (20) and (17) in (16) then leads exactly to the first two terms in (14 a).
Realizing that g is of (ap /L) and that the expansion of any function
aF mF(o) = F 8E Rv +'
o OL pe I1
is an expansion in a /L, we can complete the process of expressing f in terms of o
rather than i, to first order, by replacing L with 0 everywhere in g (Eq. 14b). In
summary,
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f = f ( , E) 1 + + aL
where fo is given by (15) and
5T. E/B= I + T a + - max
Tev() e o n
Since Lo depends on vll (Eq. 12) and E depends on 4
that the partial derivatives of f required for stability
af
ao' E
af 1 
E
(21a)
B o( ) dp'
00 (21b)
(Eqs. 3), we must keep in mind
analysis have to be taken as
af
ao E, .
which can be calculated from (21). Doing this, we observe that the derivatives are
nowhere singular.
I wish to acknowledge numerous fruitful discussions with J. D. Callen, B. Coppi,
and U. Daybelge.
APPENDIX
By definition, we have
( vII = + 2 dO 1 + cos o) Z E - [LB 1 -- cos o .
- 0
For values such that
p( ) Bo/(E-Bo) < 1,
(vi) can be expanded in powers of r/Ro. For p = 1, the expansion breaks down. Note,
however, that if we use
r 1r (B 
-B )/B
R -2 max mm max'
this does not occur inside the untrapped particle region ([/E < B - ax) where we need
(v,,). To avoid the poor convergence of the expansion near the transition region, we
can reduce (A. 1) to an elliptic integral of the third kind.
D. J. Sigmar
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2. NONLINEAR INTERACTION OF ELECTROSTATIC WAVES
USING WHITHAM'S VARIATIONAL METHOD
Introduction
The purpose of the present report is to apply Whitham's I variational theory of slowly
varying wave trains to the interaction of electrostatic plasma waves. We shall show
that the differential equations for the space and time variation of the amplitudes and
phases of nearly periodic wave trains may be derived in a relatively easy manner. We
shall also show that such important concepts as the energy and momentum of the system
may be easily identified by the application of Noether's theorem, which may be useful
in some cases of inhomogeneous plasmas when it is difficult to define energy and
momentum.
Whitham developed his elegant method in connection with problems of fluid mechan-
ics, and has indicated its application to hydromagnetic waves. Dewar
2 has sys-
tematically applied this method to hydromagnetic waves and has shown, among other
things, how to take into account the contribution of the waves to the slowly varying back-
ground fluid in which they propagate. A general discussion of the variational method
has been given by Dougherty 3 in the first of a series of papers on the application of the
method to plasma physics.
We shall give a brief discussion of Whitham's method, and apply it to the case of
electrostatic waves propagating in a slowly varying medium. We shall find the well-
known dispersion relation, conservation of the action density, energy density, and
momentum density. We shall then discuss the interaction of electrostatic plasma waves.
We do not make the random-phase approximation, in which it is assumed that a linear
instability that is present in the plasma sets up a random field of high amplitude. Rather,
we make the assumption that the modes found by the linear theory have a growth rate
considerably smaller than the frequency of oscillation.
Whitham's Theory
Whitham considers physical systems that support waves whose amplitudes, wave
numbers and frequencies are slowly varying functions of space and time. Each wave
can be well approximated locally by a uniform wave (~exp i(kx-wt), k, W constant).
The system is assumed to be described by a Lagrangian, and the equations of motion
governing the system can be obtained from a variational principle,
6 L dxdt = 0.
The Lagrangian contains both slowly varying quantities and rapid fluctuations. The
latter are eliminated by a local averaging operation. Thus, if the uniform wave
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motion u(4i) has a period 2 ,
" 1 f02
L(a, k, co) = - L(u(4)) d ,
0
where a is a slowly varying amplitude. Whitham then asserts that the Euler-Lagrange
equations derived from the averaged variational principle 6 f f L dxdt = 0 will describe
the behavior of the slowly varying quantities.
The Euler-Lagrange equations for the slow modulations become
a( x (8L/8k) = 0
aL/aa = 0.
We use the fact that
k = a/ax, o = -a8/at
from conservation of wave crests.
The first of the Lagrange equations is obtained by varying P and describes the con-
servation of wave action density. The second gives the dispersion relation.
A general discussion of the method, its connection with a formal perturbation expan-
sion, and several physical applications are found in Whitham. 1, 4
Application to Electrostatic Waves
The Lagrangian density for electrostatic waves has been derived by Low 5 and
Sturrock
L = dv f(v) mn(D)2 - qn +8 (1)
Here, f(v) is the unperturbed Boltzmann function, n the number density, m and q
the mass and charge of the particles, ' the perturbation potential, and the Lagrangian
variable. The operator D is the convective derivative
8aD -+v .at 8x
We now substitute uniform solutions
S= (v) cos (kx-wt)
(2)
# = C sin (kx-ot)
in Eq. 1. After performing the averaging operation discussed above, we find for
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the averaged Lagrangian density
L = dv f(v) 4 mn(w-kv)2 2 k2 21 k22
The Euler-Lagrange equations for the amplitudes are
dv f(v) - l-qnki(v) +8 k2 = o
dv f(v) mn(o-kv)2 (v) qnk = 0.
These equations give the dispersion relation
f(v)
E(k, w) = 1 - woX dv = 0.P (w-kv) 2
Here, the frequency and wave number are slowly varying functions of position and
time.
In order to find relations for the change in space and time of the frequency and wave
number, we find the Euler-Lagrange equations for 4 = kx - wt.
aL
t dv f(v) 1 mn(wc-kv) 2(v)T
= + =aL ak dv f(v) - 1 mn(w-kv) (v) v -
V - - q,(v)
+ k 2
8 Tr
From E qs. 4 and 5 we findq 2 k°
(v) = ( ( k 2\m/ (o-kv)2
20 f(v)
= 22 dv ()-kv)3
= -
2
cw 2 dv vf(v)
p (w-kv) 3
Using these relations, we can put Eqs. 6 into the following form:
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aL 1 8a 2 2
8w- klr
aw 16Tr aw)
L
5k- 16+ (_) kZ4Z
Therefore the Euler-Lagrange equations give the equation for the conservation of
action density,
aN at-+ x (cN) = 0 (9)
where
N - () k2 2
C laE\ (aE)\
In order to find the conservation of energy and momentum, we apply Noether's the-
7
orem to our Lagrangian. Quite generally,
a
-- (wL) -8t a
a
. (L k ) = 0
a a(kL ) - x (kLk) = 0,
since L = 0 in our linear case.
Then, from Eqs. 8 and 9, we find
a a
at
( + a
ax
(10)
c) = 0
)9 =0,
where & = wN and Y = kN.
tions, respectively.
Wave -Wave Interactions
These are the conservation of energy and momentum equa-
We now apply the method to the problem of three -wave interactions. We take the
Lagrangian5
mn(Dg)2 - qng 1+ _L( + dv~2 2 axz 2
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Solutions to this problem are assumed in the form of a sum of normal modes
= e (i(vxt) cos 4i
S= E i(xt) sin i (12)
i = k.x - w.t t i
The amplitudes i, 4i and phases -qi are now slowly varying in space and time, while the
frequency and wave number are taken constant. This is so because they must satisfy
certain resonance conditions in order that there be exchange of energy among the modes.
The slow modulations are ordered in magnitude as follows 8 "
- - O(Ew) O(EW)
at at
(13)
O(Ekg) - O(Ek).
ax ax
We now substitute Eqs. 12 in Eqs. 11 and perform the averaging operation. We use
the ordering (13), and obtain to order E,
(D)2 1 ( 2 -k.v) 2
2 i 1 i
-( -k v)i +vTix) i 2 (14)
1 1 1 i
where n = aiN/at, and nx = aq/ax. The last term in (11) gives many terms. In averaging
all terms will cancel except those having zero phase. This will be so, provided the fol-
lowing resonance conditions are satisfied:
k k. + k.1 J
k = . + . (15)
'1 = 1k - '1i -qj
After some tedious calculations, we find the average of the last term in (11),
2 4iqj 4 kRijk sinfl
ax ijk (16)
(16)
k ik jk k  k. k j kRijk  + +
R. + +
( k i -k.v)(W-k v)(w-kkv) i-kv) (o.-k v) (q-kkv)
The sum is over wave numbers and frequencies satisfy the resonance conditions (15).
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In deriving (16), we have symmetrized the product appropriately and have eliminated
the i by use of Eq. 7 of the linear theory.
The complete average Lagrangian (to order E) may be written
L= L + EL
=2
=S
dv f(v) I mn(w-k 2 k - qnkkkk + k k (17)
dv f(v) - 4- mn(wk-kkv)(Mk+V kx) k
- qnk k kx + kkkx k
+ dv f(v) { qn( )2 ijk sin nRijk . (18)
We recognize Eq. 17 as the L
Euler-Lagrange equations for L0
Using Eq. 7, which relates E
in L 1 cancel each other. We are 1
2
L dv f(v) mn
.agrangian of the linear system. Accordingly, th
give the dispersion relation as in linear theory.
and c, we discover that the second and third terms
eft with
le
2 2
S(k+Vkx k k 3
(W k-kkv)
+ 8qn m C ijkRijk sin ' (19)
The Euler-Lagrange equations for 7k and k will provide the differential equations
for k and 'k' respectively. Using the relations (7) for the dielectric constant and
the definition of action density and group velocity (Eqs. 9), we find
a ac k Nk( -+ - IN = /NiN.N k
1/2
V.1 ik ia ak
where
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Vjk (8rr) 1/2 2 q f(v)ijk p m
ai =k i
In exactly the same manner, we find the equations for phase angle by varying k'
N NN 1/2(N/2
N I cV.. sin 71.k 8 ax k) Tk I Vijk aaa k)
Equations 20 and 21 describe the evolution in space
phases, respectively. Equation 20 is the same as that
perturbation methods.
We found in the previous section, the mean wave
density for each mode to be
1, = .N ,
1i 1 1 i
9. = k.N..
(21)
and time of the amplitudes and
derived by Dysthe 9 by the usual
energy density and momentum
(22)
Since, in the present approximation, no net forces act on the three-wave system and
the three modes have been taken nondissipative (at least in the region of interaction),
the total energy and momentum densities must be conserved. Indeed, from Eqs. 20
and 22, and using the resonance conditions (15), we get
+ c
-+ atax Ck) k
k
= i
ii
NiNjNk 1/2
V i- ka ak ) cos Z k
k
=0
(8 + x Ck)gk
k
=z
ij
- 0.
NN.N 1/2
ijk
V ai~a~k 
cos 7n kk
k
E. N. Spithas
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